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Why use quantum metrology to measure space-
time curvature?
� Metrology is a key driver of technology (clocks, sensors and enhanced 

interferometers)

� We can detect gravitational perturbations from distant sources (i.e. LIGO, 
VIRGO)

� Also parameters for relativistic acceleration, gravitational gradients and 
rotating metrics

� Precision is limited by quantum mechanics



Quantum metrology 

� The ability to estimate parameters of physical systems is restricted by 
quantum mechanics

� E.g. Use of a laser probe to measure a phase-shift, θ, is fundamentally 
limited by the quantum noise of the probe coherent state. 

Standard quantum limit (SQL)
𝚫𝜽 ∝ 𝟏/ 𝑵

Scale with the average 
photon number N. Very high 
powers are used in 
Gravitational Wave 
interferometers to exploit this 
scaling.

Conventional Heisenberg 
limit

𝚫𝜽 ∝ 𝟏/𝑵
Use non-classical properties 
of light such as squeezed 
and entangled states. 
Practicality: Extremely 
demanding. A+ LIGO

Beyond conventional 
Heisenberg limit

𝚫𝜽 ∝ 𝟏/𝑵𝜷(𝜷 > 𝟏)
Recently in systems with 
strong non-linear coupling 𝜒, 
a scaling of 𝟏/𝑵𝟑/𝟐 was 
demonstrated.  Can be used 
to estimate non-linearity χ
itself. 
Spin-based and optical 
demonstrated.J. Beltrán and A. Luis, Breaking the Heisenberg limit with inefficient detectors, Phys. Rev. A 72, 045801 

(2005).
S. Boixo, S. T. Flammia, and C. M. Caves, Generalized Limits for Single-Parameter Quantum Estimation, Phys. 
Rev. Lett. 98, 090401 (2007).
M. Napolitano, M. Koschorreck, B. Dubost, N. Behbood, R. J. Sewell, and M. W. Mitchell, Interaction-based 
quantum metrology showing scaling beyond the Heisenberg limit, Nature (London) 471, 486 (2011).
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How can we use this?



� Not normally interested in measuring 𝜒

� We identify that the effective nonlinearity of a fixed length of a nonlinear 
medium is a function of the local gravitational field

� Use this effect to construct an interferometric arrangement to measure 
gravity

� Atom interferometery for gravity measurement is currently limited to SQL

� Squeezing and entanglement could enhance but only up to Heisenberg 
limit

� Non-linearity will push the limits of classical coherent sources of light (cheap 
resources)

Quantum limited measurement of space-time curvature 
with scaling beyond the conventional Heisenberg limit
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Kerr nonlinearity in Schwarzschild metric

� The Kerr nonlinearity constant 𝜒 is coupled to the proper time 𝜏 it takes to 
interact with the medium, as measured locally

� Thus the effective nonlinearity becomes 𝜒′ = 𝜒 𝜏

� 𝜏 ≈ 1 − 𝐾𝑟𝑠
2𝑟0

𝐿
𝑐 where 𝑟𝑠 = 2𝐺𝑀

𝑐2 is the Schwarzschild radius and 𝐾 is a 
constant that depends on the position of the reference observer

� We can see that the nonlinear coupling is approximately proportional to 
the Schwarzschild radius. 

Key point: Measuring non-linearity itself provides information about space-time curvature

𝜒′ = 𝜒 𝜏

𝑟 = 𝑟0

𝐿

Reference observer

 𝑈 = 𝑒𝑖𝜒𝜏 𝑎+𝑎 2



� We model the transmission of a coherent state probe with amplitude 𝛼
through the medium as the unitary evolution

�  𝑈 = 𝑒𝑖𝜒𝜏  𝑛  𝑛+1 +𝑖  𝑛𝑘𝑐𝜏

� In quantum information theory, for 𝑀 number of independent 
measurements, the inequality is Δ  𝜏2 ≥ 1

𝑀𝐻(𝜏) , where 𝐻(𝜏) is the quantum 
Fisher information (QFI)

� Local precision. i.e. assumes initial estimate of 𝑟𝑠 is good

Quantum Cramer-Rao bound 

Key point: We want the ultimate sensitivity bound for 𝑟𝑠. Must determine 𝐻(𝜏)

M. J. W. Hall and H. M. Wiseman, Does Nonlinear Metrology Offer Improved Resolution? Answers from 
Quantum Information Theory, Phys. Rev. X 2, 041006 (2012).



Quantum Fisher Information

� We want to determine the QFI for the probe coherent state undergoing the 
nonlinear evolution

� By noting that 𝐻 𝑟𝑠 = 𝑑𝜏
𝑑𝑟𝑠

2
𝐻(𝜏) and 𝑑𝜏𝑑𝑟𝑠

= − 𝐾𝐿
2𝑐𝑟0

, we find the relative error of 
the space-time parameter 𝑟𝑠 is given by

Key point: ⟨Δ𝑟𝑠⟩ scales as 1/𝑁𝑎
3/2

Key point: ⟨Δ𝑟𝑠⟩ scales as 1/𝑁𝑎
𝑞−1/2

� For general self-interaction  𝐻 =  𝑎+𝑎 𝑞

How can we practically approach this bound? With NL interferometer



Non-linear interferometer in Schwarzschild 
metric

� Additional non-linear phase



Linear General Relativistic phase

� Metric 𝑑𝑠2 = − 1 − 𝑟𝑠
𝑟 𝑑𝑡2 + 1 − 𝑟𝑠

𝑟

−1
𝑑𝑟2 + 𝑟2𝑑𝜙2

� Local observer at fixed radius measures proper time 𝜏 = ∫ 𝑑𝑠 = 1 − 𝑟𝑠
𝑟0
𝑡

� Assume phases in vertical arms cancel out

� Bottom arm has spatial mode equal to length of arm i.e. Δ𝑥𝑟𝐴,13 = 𝑐 Δ𝜏𝑟𝐴,13
� Length of interferometer arms are the same

� Linear GR Phase 𝜙24 = 𝐿 − 𝑐
𝑛′ 𝜏2 = 1 −

1−𝑟𝑠
𝑟𝐵

1−𝑟𝑠
𝑟𝐴

𝐿 ≈ 1 − 1
𝑛′ +

𝑟𝑠ℎ
2 𝑟𝐴𝑟𝐵𝑛′

𝐿

𝑔

𝑟 = 𝑟𝐴

𝑟 = 𝑟𝐵



Gaussian approximation

� Back to non-linear interferometer

� Heisenberg evolution of the annihilation operator for the Kerr nonlinear 
effect is 𝑎𝑘(𝜏 ) = 𝑒𝑖𝜒𝜏𝑎𝑘

†𝑎𝑘𝑎𝑘
� Assume the coherent amplitude of the probe is large enough to treat as 𝑎

classical coherent amplitude with added vacuum fluctuations 𝑎 = 𝛼 + 𝛿𝑎

� 𝑒𝑖𝜒𝜏𝑎𝑘
†𝑎𝑘𝑎𝑘 ≈ 𝑒𝑖𝜒𝜏 𝛼 2[1 + 𝑖𝜒𝜏 𝛼∗𝛿𝑎 + 𝛼𝛿𝑎† + 𝛿𝑎]

� Approximation is justified provided that 𝜏𝜒𝛼 = 𝜏𝜒 𝑁 ≪ 1 (looser restriction)

A. Luis and A. Rivas, Nonlinear Michelson interferometer for improved quantum metrology, Phys. Rev. A 92, 
022104 (2015)



Non-linear interferometer for measuring space-time 
parameters
Quadrature measurement at angle 𝜃

The effect of the non-linearity creates undesirable noise from anti-squeezing in the axis of rotation

¾ Choose optimal angle 𝜃 and 𝛽 to force ⟨Δ𝑋𝑏2⟩ shot noise 

Does not saturate the Fisher bound but it does have the same 
photon number scaling for large intensities: 1/𝑁3/2



Beyond conventional Heisenberg advantage for 
measuring space-time curvature

� Optimized the error w.r.t. measurement angle

� Fixed length such that 𝜏𝜒𝛼 = 𝜏𝜒 𝑁 ≪ 1

� Height h = 10 m with light at a central frequency of ω = 100 THz and M = 10 GHz of 
measurements, which are reasonable repetition rates



� For a pulse with 1018 photons, we would only need 𝜒 = 0.1 for a precision of 10−8, 
which is a four order of magnitude improvement over the SQL scaling

� Potential to outperform current state-of-the-art atom interferometry

� Down-sizing optical interferometer from 1 𝑘𝑚 to 10 𝑚



Robust against loss

� Loss due to nonunit detection efficiency 𝜖𝐴 after the nonlinearities, and 
losses on the probe 𝜖𝐵 before the nonlinearities

� Squeezed coherent state loses Heisenberg scaling with very small amount 
of loss (𝜖 = 1 − 10−6) but has no effect on nonlinear interferometer



Experimental Feasibility
� Beyond Heisenberg was already demonstrated for 108 photons (Ian 

Walmsley group)

� Didn’t compensate for quantum fluctuations and limited to 𝜒𝜏𝑁 ≪ 1

� Glass fibre has 𝜒 = 10−6 and 𝑁 = 1020 photons are needed to see 
enhancement

� 30-fs pulse at 𝜔 = 100 𝑇𝐻𝑧 with 𝑃 = 440 𝐺𝑊 peak power which is about 𝑁 =
1018 photons

� Photonic crystal fibre has 𝜒 = 6 and thus only 𝑁 = 1015 photons are needed

� Note 𝑀 = 10 𝐺𝐻𝑧 (implying high average power)

� Optical damage, Kerr saturation, or plasma cladding



Summary

� Nonlinear interferometer couples to space-time via 𝜒

� Beyond conventional Heisenberg limit estimation of phase and thus 𝑟𝑠
� Quadrature measurement shows the same scaling

� NL interferometer practical against loss

� Within potential reach of future experiments

� Future: Nonlinear improvement to Sagnac interferometer

� Measurement of rotating parameters in Kerr metric
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